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We study the stationary photon output and statistics of small lasers. Our closed-form expressions
clarify the contribution of collective effects due to the interaction between quantum emitters. We
generalize laser rate equations and explain photon trapping: a decrease of the photon number output
below the lasing threshold, derive an expression for the stationary cavity mode autocorrelation func-
tion g2, which implies that collective effects may strongly influence the photon statistics. We identify
conditions for coherent, thermal and superthermal radiation, the latter being a unique fingerprint
for collective emission in lasers. These generic analytical results agree with recent experiments,
complement numerical results, and provide insight into and design rules for nanolasers.
PACS numbers: 42.50.Nn, 78.67.Pt, 42.50.Ct
Collective effects (CE) in lasers, caused by the combined
interaction of many quantum emitters through the lasing
mode, are receiving increasing attention [1–9]. The col-
lectively enhanced dipole moments, as in free-space Dicke
superradiance (SR) [10], increase the emitter-field cou-
pling, and is reported to lower the lasing threshold [2, 6],
to narrow the linewidth [5], and to change the output
photon statistics [3, 4, 7], all beyond standard laser the-
ory. Qualitatively, by analogy with Dicke SR, one can
expect the largest CE in nano- and micro-lasers with a
large number of emitters in a small volume, as in Q-dot
nanolasers [2] or VCSELs [3], but more quantitative pre-
dictions are much needed.
It is often supposed that CE in lasers are due to high-
order correlations and they are taken into account in var-
ious sophisticated numerical approaches [2, 8]. Indeed,
CE in nanolasers are more complex and still less under-
stood than SR in free space. Analytical methods that
provide further insight were developed mostly for low-
quality cavities [7] favorable for SR: the low-Q cavity
provides a common radiative relaxation of emitters [8]
similar to SR in free space.
In this Letter we present an analytical approach ap-
plicable not only to low-Q cavity lasers, which gives new
insight into CE in nanolasers, especially into their “pho-
ton trapping”[2, 3] and measured unusual photon statis-
tics [3, 4]. We show explicit dependencies of these effects
on the laser parameters.
Basic equations.— We keep the analysis as simple as
possible and consider a model of a single-mode laser with
N0 two-level emitters, shown in Fig. 1(a), with transition
frequencies equal to the lasing mode frequency [2, 8, 9].
Following [11], from the Hamiltonian (S1) in the Supple-
mental Material SM1, we write the Maxwell-Bloch equa-
tions for the operators aˆ of the cavity mode, the popula-
tion inversion ∆ˆ, and the polarization vˆ =
∑N0
i=1 vˆi, with
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FIG. 1: (Color online) Panel (a): Sketch of the two-level laser
model with emitter-emitter interaction in a cavity, compared
to in free space. Besides via stimulated emission (not shown),
the de-excitation of an emitter is in two ways: (A) direct spon-
taneous emission, or (B) emission of a photon that excites
another emitter, which subsequently emits a photon. The
presence of both paths may increase the net emission rate,
leading to SR, if the emitted photons are identical. For that
process to occur with high probability in free space [marked by
(BF )], the emitters should be sub-wavelength spaced, while
in a cavity, SR emission of photons may be due to the cou-
pling of emitters to a common cavity mode [(Bc)], if the
emitter linewidth γ⊥ ≤ 2κ, the cavity linewidth. Panel (b):
stationary photon output n(P ) for κ/γ‖ = 25, N0 = 10
4,
g = 0.048, and γ⊥/γ‖ = 20. Blue curve: GLRE solution
based on Eq. (5), with corresponding values of C(P ) at the
bottom; green curve: same but without CE (C = 0); red
curve: stationary solution of the LRE.
vˆi the dipole operator of the i
th emitter:
˙ˆa = Ω0vˆ − κaˆ+ Fˆa (1a)
˙ˆv = −(γ⊥/2)vˆ +Ω0f aˆ∆ˆ + Fˆv (1b)
˙ˆ
∆ = −2Ω0(aˆ
+vˆ + vˆ+aˆ) +
+ γ‖[P (N0 − ∆ˆ)−N0 − ∆ˆ] + Fˆ∆. (1c)
Here Ω0 is the vacuum Rabi frequency and 2κ is the decay
rate of the cavity mode; the factor f > 0 measures the
average of squared couplings between emitters and the
cavity mode; γ⊥ and γ‖ are polarization and population
2relaxation rates; γ‖P is the pump rate [12]; the Fˆα are
the Langevin forces associated with the operators αˆ =
{aˆ, vˆ, ∆ˆ}. Below we denote expectation values of αˆ as α.
Before discussing CE based on Eqs. (1), we recall that
the usual semi-classical Maxwell-Bloch equations [13] are
derived by replacing all operators by c-number variables
and by neglecting the Langevin forces. Then the sta-
tionary population inversion ∆ = ∆th = γ⊥κ/(2Ω
2
0f)
is the threshold one, and the cavity mode photon num-
ber n ≡ |a|2 = (2g)−1(N0/∆th + 1)(P/Pth − 1), where
g−1 = γ‖γ⊥/(4Ω
2
0f) is the saturation photon number.
Lasing requires a minimum number of emitters N0 > ∆th
and a minimal pump P > Pth = (N0+∆th)/(N0−∆th),
giving a finite stationary cavity photon number n > 0.
As the next standard approximation, the semiclassical
laser rate equations for n and ∆ [13] can be obtained from
Eqs. (1) by adiabatic elimination of the polarization v,
which is valid at γ⊥ ≫ κ, γ‖. Semiclassical Maxwell-
Bloch or rate equations incorrectly predict n = 0 at
P < Pth since they do not take spontaneous emission
into the lasing mode into account. Laser rate equations
(LRE) with spontaneous emission into the lasing mode
are derived in [14].
Laser equations with collective effects.— Here we pro-
pose generalized laser rate equations (GLRE) that are
valid for all values of γ⊥ since the polarization will not
be integrated out, and include spontaneous emission into
the lasing mode. We take Eqs. (1) as our starting point,
neglect population fluctuations and replace ∆ˆ by its ex-
pectation value ∆, a common approximation for weak
coupling [15]. Thus Eqs. (1) become linear in aˆ and vˆ,
and as a main result we derive the closed set of four equa-
tions (see SM2)
n˙ = Ω0Σ− 2κn, (2a)
Σ˙ = −(γ⊥/2 + κ)Σ + 2Ω0f(n∆+Ne +D), (2b)
D˙ = −γ⊥D +Ω0∆Σ, (2c)
∆˙ = −2Ω0Σ+ γ‖[P (N0 −∆)−N0 −∆]. (2d)
Here we introduce the collective emitter-field correlation
Σ ≡
∑N0
i=1 (〈aˆ
+vˆi〉+ c.c) and the collective dipole-dipole
correlation D ≡ f−1
∑
i6=j
〈
vˆ+i vˆj
〉
, and use the operator
identity vˆ+vˆ = f(Nˆe + Dˆ), where Nˆe is the operator for
the population of upper lasing levels. Our GLRE (2)
reduces to the standard LRE [Eq. (S7) of SM2] at large
dephasing [14, 17–19] 2κ/γ⊥ ≪ 1. Below we show that
collective effects are negligible in this limit.
Stationary lasing with collective effects.— The station-
ary solution of Eqs. (2) is obtained by putting the deriva-
tives to zero, we do this in two stages: first we use the
stationary Eqs. (2b) and (2c) to express Σ andD in terms
of n and ∆, this gives D(n,∆) = (n∆+Ne)C(∆), with
C(∆) =
(2κ/γ⊥)(∆/∆th)
1 + (2κ/γ⊥)(1−∆/∆th)
. (3)
We identify C(∆) as a dimensionless measure for the im-
portance of CE (analogous to the cooperativity factor in
[2]), which we now see to be small in the LRE limit. In
the second stage, we insert the stationary Σ(n,∆) and
D(n,∆) into the stationary Eqs. (2a), (2d), and obtain
0 = G∆(n∆+Ne)− (2κ/γ‖)n, (4a)
0 = −2G∆(n∆+Ne) + P (N0 −∆)−N0 −∆,(4b)
where G∆ ≡ gc[1+C(∆)] with reduced coupling constant
gc ≡ g/(1 + 2κ/γ⊥). By comparison of the right-hand
sides of Eqs. (4) and of the LRE, it can be seen that sta-
tionary solutions of our GLRE model are obtained from
the latter by the substitution g → G∆. By this variation
of constants in a nonlinear model one can indeed expect
qualitatively new behavior. The stationary photon out-
put of Eqs. (4) and hence of the GLRE of Eqs. (2) is
n(P ) =
[
θ(P ) +
√
θ2(P ) + 8gcPN0/∆th
]
/(4g),(5a)
θ(P ) = (P − 1)N0/∆th − P − 1− gc. (5b)
At 2κ/γ⊥ → 0, Eq. (5) indeed converges to the known
stationary solution of the LRE.
In Fig. 1(b) we show the photon output n(P ) based
on Eq. (5) for 2κ/γ⊥ = 2.5, for which the LRE limit is
not valid. Nevertheless, for comparison we also show the
corresponding LRE curve. The most distinct difference
is a suppression in our generalized model of the photon
output below threshold. (We return to this “photon trap-
ping” shortly.) Above threshold, however, the LRE limit
agrees surprisingly well with our GLRE predictions. This
follows from the fact that above threshold ∆ is clamped
to ∆th and hence C(∆) to 2κ/γ⊥ as shown by the hor-
izontal dotted line on the bottom panel of Fig. 1(b), so
that G∆ tends to g independent of the value of γ⊥. Thus
our GLRE gives the simple but important prediction that
for arbitrary values of 2κ/γ⊥, the stationary photon num-
ber above the lasing threshold is given by the standard
LRE limit. And yet CE play a role above threshold in
the GLRE model, since C(∆) is clamped at a nonzero
value, except in the LRE limit 2κ/γ⊥ → 0.
To further analyze the role of CE, in Fig. 1(b) we also
present the photon output in the absence of CE, based
on the stationary solutions (5) with C(∆) = 0. Com-
pared to this curve, the most conspicuous collective ef-
fect of our full GLRE model are a suppression of the
radiation at ∆ < 0 and an enhancement at ∆ > 0. This
photon trapping below threshold has been observed in
numerical studies before [2, 3], but never in a simple an-
alytical model. We can correlate the ‘trapping’ to C(∆)
being negative below threshold and the enhancement to
C(∆) > 0 above, see the bottom of Fig. 1(b).
Fig. 2(a) is a systematic parameter study of photon
trapping in the model based on Eqs. (5). In particu-
lar, for lasers that would exhibit the same semiclassical
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FIG. 2: (Color online) Panel (a): Stationary photon output
n(P ) for 2κ/γ⊥ = 0.01 (blue), 1 (green), 3 (magenta), and 6
(red); g = 2/3, and ∆th/N0 = 0.01. Panel (b): corresponding
autocorrelation functions g2 versus pump P .
threshold Pth, we compare the stationary photon out-
put as we vary the influence of CE by tuning 2κ/γ⊥.
Most discernible in Fig. 2(a) is again the photon trapping:
for increasing 2κ/γ⊥, the inter-emitter correlation D in-
creases and fewer photons are emitted below threshold.
A corresponding collective lasing enhancement above
threshold is absent, since all curves tend to the same
LRE limit, as explained above. The combined effect is
that the lasing transition becomes sharper as 2κ/γ⊥ is
increased. In conventional theory, a sharper transition is
related to a decreasing beta factor β = g/(1 + g) [14].
Analogous to Ref. [14], for our model we identify in SM3
the beta-factor βc ≡ g/(1+g+2κ/γ⊥) that obviously de-
creases with 2κ/γ⊥, in correspondence with the threshold
sharpening as CE become more significant.
Collective effects in laser statistics.— We now consider
how in our model CE affect the stationary photon statis-
tics of nanolasers, in particular the autocorrelation func-
tion g2 = 〈aˆ
+aˆ+aˆaˆ〉 /n2. In usual laser theory, g2 is sub-
thermal, varying from 2 below threshold (thermal radi-
ation) to 1 above (coherent). Super-thermal radiation,
or ”photon bunching” (with g2 > 2) has been predicted
to occur below threshold [2, 8] and measured both in
pulsed [3] and in cw experiments [4]. This g2 > 2 consti-
tutes a unique fingerprint of CE in lasers.
We calculate g2 following a similar approach as for
Eqs. (2): using the dynamics of Eqs. (1), we derive
in SM4 the equations of motion for the four-operator
product G2 ≡ 〈aˆ
+aˆ+aˆaˆ〉 and determine its stationary
mean value, again neglecting population fluctuations and
Langevin forces. We find as a main result
g2 = 1 +
(1 + γ⊥/2κ)(d
−1
th + 1)
3 + 6n(1 + 2κ/γ⊥) + (γ⊥/2κ)(d
−1
th + 1)
. (6)
This g2 depends on the two dimensionless parameters
2κ/γ⊥, the threshold population inversion per emitter
dth = ∆th/N0 and decreases monotonically with n. In
the large-n limit of strong pumping, we find g2 = 1, as in
conventional laser theory. By contrast, we predict from
the same Eq. (6) that for small n super-thermal pho-
ton statistics will occur, for a low semiclassical thresh-
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FIG. 3: (Color online) Photon autocorrelation function g2(n).
Panel (a): g2(n) for N0/∆th = 100 (solid curves) and
N0/∆th = 50 (dashed); γ⊥/2κ = 0.1 (magenta), 1 (green)
and 10 (blue). Panel (b): g2(n = 0) upon variation of param-
eters γ⊥/(2κ) and N0/∆th.
old (∆th/N0 ≪ 1) in combination with a low decoher-
ence rate γ⊥/2κ ≤ 1. This main result is illustrated in
Fig. 2(b) as function of pump and in Fig. 3 as a func-
tion of n. Figs. 2(b) and 3(a) also show that curves with
larger g2(0) values approach the coherent limit g2(n) = 1
for smaller values of and P and n, respectively. Thus, the
emitter-emitter interaction leading to large g2 > 2 helps
to reach the coherent emission in accordance with results
of [2]. For larger γ⊥/2κ, the super-thermal radiation at
small n is suppressed, and the same happens when in-
creasing the laser threshold ∆th/N0. Finally, Fig. 3(a)
illustrates that for large decoherence (γ⊥/2κ ≫ 1), we
indeed recover the LRE limit where 1 ≤ g2 ≤ 2.
Eq. (6) also tells us what values of g2 can be reached at
N0 < ∆th when lasing does not occur. Then n saturates:
n → ns at P → ∞, with ns given by Eq. (S6) of SM2.
For N0 ≪ ∆th, the g2(n = 0) varies from 4/3 to 2 when
sweeping γ⊥/2κ from small to large values. Thus in our
model, devices that do not lase at strong pumping do not
emit superthermal photons at weak pumping.
From Eq. (6) we identify g2(n = 0) < 2 + 2κ/γ⊥ as
a useful upper bound for photon bunching. For further
insight, in Fig. 3(b) we show g2(n = 0) upon variation
of γ⊥/(2κ) and N0/∆th, again illustrating our prediction
of strongly superthermal radiation at low decoherence
γ⊥/2κ ≪ 1 in combination with a low lasing threshold
∆th/N0 ≪ 1. For ∆th/N0 > 1/2 we find sub-thermal
radiation (1 < g2 < 2), whether lasing occurs or not.
Fig. 2 illustrates that increasing 2κ/γ⊥ intensifies
emitter-emitter interaction leading to more photon trap-
ping in 2(a) and, simultaneously, to more photon bunch-
ing in 2(b). Another way to obtain more strongly
bunched photons, as shown in Fig. 4(b), is to decrease
∆th/N0 at some 2κ/γ⊥ > 1. In doing so, the number of
photons n concomitantly increases, see Fig. 4(a). How-
ever, due to collective photon trapping below threshold,
the increase of n is seen to be larger above than below
the lasing threshold.
In SM5 we illustrate that our approach to identify gen-
eralized laser rate equations carries over to other lasing
level schemes. We find that the level scheme affects the
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FIG. 4: (Color online) Pump dependence of photon output
n(P ) [in panel (a)] and statistics g2(P ) [in panel (b)], for fixed
g = 2/3 and 2κ/γ⊥ = 2, while we vary ∆th/N0 = 0.9 (blue),
0.5 (green), 0.1 (magenta), and 0.005 (red).
maximum value of g2 that can be obtained. In particular,
the scheme in SM5 where lower lasing levels depopulate
infinitely fast shows photon trapping but does not exhibit
stationary superthermal photon statistics. Also, the de-
pendence of g2 on the number of emitters is different.
Discussion.— Our analytical main results (5) for the
photon output and (6) for their statistics show the con-
ditions under which collective effects in lasers are sig-
nificant. The interaction between emitters through the
cavity mode increases with the reduction of the decoher-
ence rate γ⊥; a “scale” on which to compare this is the
cavity linewidth 2κ, and indeed we identified 2κ/γ⊥ ≥ 1
as a first necessary condition for strong CE.
We obtain ∆th/N0 ≪ 1 as the second necessary con-
dition, or 12pifQN0γ||/(γ⊥k
3V ) ≫ 1, with k and Q the
cavity mode wave number and quality factor. When ne-
glecting pure dephasing, γ⊥ = γ|| and the condition be-
comes QN0/(k
3V ) ≫ 1. This is similar to the require-
ment N0/(k
3V )≫ 1 for free-space SR for a large number
of emitters in a volume ∼ k−3 [10], and the difference is
easily understood: in a cavity a photon interacts with
emitters Q times longer than in free space, so SR in a
cavity requires a Q times smaller density.
Another important condition of SR in free space is
that each emitter interacts with all others the same way,
or “feel the same environment” [10]. This is approx-
imately satisfied in a cavity, where all emitters inter-
act through the same cavity mode, so the variations in
emitter-emitter interactions are of the order of fluctua-
tions of atom-field couplings, see SM1. Such fluctuations
are small for large numbers of emitters.
We interpret the reduction of the mean photon number
n below threshold and the superthermal photon statistics
as closely related manifestations of SR in the lasing cav-
ity: photons are “trapped” by the emitter-emitter inter-
action, stored in the lasing medium for some time before
being emitted in groups. During the storage phase, some
photons are lost to nonradiative decay and to sponta-
neous emission to non-lasing modes, hence the reduced
laser output. This picture agrees with measurements in
other systems where SR pulses are delayed compared to
single-emitter emission, with the more delayed pulses be-
ing less intense [20]. Thus, provided the two necessary
conditions for CE are fulfilled, below threshold a DC
pumped lasing medium emits a random sequence of SR
pulses into the lasing mode.
SR in free space is quite different for weak and for
strong excitations: when N0 emitters share one excita-
tion, then the emission rate can be N0 times faster than
for an isolated emitter. On the other hand, when all N0
emitters are excited, then they do not interact with each
other and do not exhibit SR. Likewise, SR in the laser
cavity can best be seen below threshold, at negative pop-
ulation inversion, as we showed.
Conclusions and outlook.— We extended the standard
laser rate equation model with two collective variables,
describing emitter-field and emitter-emitter correlations.
The resulting generalized laser rate equation (GLRE)
model can also describe existing lasers for which the po-
larization decays too slowly for the laser rate equations
to be valid. That is exactly the type of lasers where the
usually neglected collective effects among the emitters
can play a role. And indeed, our simple model leads to
analytical formulas (5) and (6), describing observed pho-
ton trapping and superthermal photon bunching, both
interpreted as consequences of superradiance in lasers.
Superthermal photon bunching is the most interesting
effect, characterized by the second-order autocorrelation
function g2 > 2, whereas g2 = 2 is the upper limit for
cw pumping in standard laser theory. We predict the
maximally bunched light for 2κ/γ⊥ ≫ 1 in combination
with a low lasing threshold. The photon bunching occurs
only below threshold.
Our results are in qualitative agreement with those of
more sophisticated numerical models [2] and [3]. That
photon trapping and superthermal bunching are both
already captured in our model, where correlations be-
yond fourth order are neglected, is one of our surpris-
ing findings. Our approach can be generalized beyond
two-level systems, as we illustrated in SM5, and is likely
to find further applications in the quantum theory of
nanolasers, thereby substantially advances the fields of
nanolaser physics and driven quantum systems.
More practically, our results give design rules for engi-
neering the unusual stationary quantum statistical prop-
erties of radiation from a single laser cavity. For comple-
mentary schemes to engineer dynamical properties with
coupled cavities, see [21]. Cavity-enhanced superbunched
light in a well-defined mode may find applications in the
second- and higher-order interference of light and high-
visibility ghost imaging with classical light [22].
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Supplementary material (SM):.—
SM1: Maxwell-Bloch operator equations
We consider a single-mode laser with N0 two-level emit-
ters interacting resonantly with the lasing mode. Denot-
ing the vacuum Rabi frequency of the lasing mode by Ω0
and using the rotating wave approximation (RWA), the
Hamiltonian of the system can be written as
Hˆ = −h¯Ω0
N0∑
i=1
fi(aˆ
+σˆi + σˆ
+
i aˆ) + Γˆ, (S1)
where σˆi is the lowering operator for i’th emitter, aˆ is the
cavity mode annihilation operator, fi quantifies the cou-
pling between the i’th emitter and the cavity mode, and
Γˆ describes the interactions with external reservoirs. For
example, for a Fabry-Pe´rot cavity fi = sin (kri), where
k = ω0/c is the wave number of the cavity mode.
From the Hamiltonian (S1) we can derive equations de-
scribing the dynamics of the operators as detailed in [11]:
˙ˆa = iΩ0
N0∑
i=1
fiσˆi − κaˆ+ Fˆa, (S2a)
˙ˆσi = −(γ⊥/2)σˆi − iΩ0fi(nˆ
e
i − nˆ
g
i )aˆ+ Fˆσi , (S2b)
˙ˆnei = γ‖(Pnˆ
g
i − nˆ
e
i )−
iΩ0fi(aˆ
+σˆi − σˆ
+
i aˆ) + Fˆnei , (S2c)
˙ˆngi = γ‖(nˆ
e
i − Pnˆ
g
i ) +
iΩ0fi(aˆ
+σˆi − σˆ
+
i aˆ) + Fˆngi . (S2d)
Here nˆei = σˆ
+
i σˆi (nˆ
g
i = 1− nˆ
e
i ) is the population operator
corresponding to the excited (ground) state of the i’th
emitter, and Fˆα is the Langevin force operator associ-
ated with the operator αˆ = {aˆ, σˆi, nˆ
e
i , nˆ
g
i }. The popula-
tion relaxation rate γ‖ quantifies the non-radiative decay
rate and the rate of spontaneous emission into non-lasing
modes, 2κ is the lasing mode photon decay rate, and the
rate γ⊥ describes the decay of the polarization. The po-
larization decay rate depends on the pump rate γ‖P via
γ⊥ = 2γd + γ‖(1 + P ) (S3)
as in Ref. [12], where γd is the pure dephasing rate. When
calculating the stationary mean intra-cavity photon num-
ber n, we assume for simplicity that 2γd ≫ γ‖P and ne-
glect the dependence of γ⊥ on P . The relaxation terms
and Langevin forces are added to equations (S2) by the
standard procedure describing the interaction with baths
in the Markov approximation [11].
Finally, we introduce operators for macroscopic quan-
tities: The total polarization vˆ = i
∑N0
j=1 fjσˆj , the to-
tal populations of the excited and ground states Nˆe,g =∑N0
i=1 nˆ
e,g
i , the total population inversion ∆ˆ = Nˆe − Nˆg
and the Langevin forces Fˆv =
∑N0
j=0 Fˆvj , Fˆvj = ifjFˆσj ,
Fˆ∆ =
∑N0
i=0(Fˆnei − Fˆn
g
i
). Then, approximating f2i ≈ f ≡
N−10
∑N0
i=1 f
2
i and summing Eqs. (S2) over all emitters
we obtain Eqs. (1) of the main text.
SM2: Laser equations with collective effects
Here we will derive Eqs. (2) of the main text that define
our GLRE model. Using Eqs. (S2) and (1) we can derive
four equations for four coupled variables: The photon
number operator nˆ = aˆ+aˆ, the emitter-field interaction
Σˆ = aˆ+vˆ + vˆ+aˆ, the total population inversion ∆ˆ, and
finally the product Dˆt = f
−1vˆ+vˆ of polarization creation
and annihilation operators. Terms 〈aˆ+vˆi〉 and
〈
vˆ+i vˆj
〉
in Σ and D are analogous, respectively, to the photon-
assisted transition amplitude PαX and to the superradiant
coupling correlation function Cxαβ introduced in [2] with
α, β standing for i, j. The four equations are
˙ˆn = Ω0Σˆ− 2κnˆ+ Fˆn, (S4a)
˙ˆ
Σ = −(γ⊥/2 + κ)Σˆ +
2Ω0f(∆ˆnˆ+ Dˆt) + FˆΣ, (S4b)
˙ˆ
Dt = −γ⊥Dˆt +Ω0(aˆ
+∆ˆvˆ + vˆ+∆ˆaˆ) + FˆDt , (S4c)
˙ˆ
∆ = −2Ω0Σˆ +
γ‖[P (N0 − ∆ˆ)−N0 − ∆ˆ] + Fˆ∆, (S4d)
where
Fˆn = aˆ
+Fˆa + Fˆa+ aˆ,
FˆΣ = aˆ
+Fˆv + vˆ
+Fˆa + h.c.
FˆDt = f
−1(Fˆv+ vˆ + vˆ
+Fˆv).
Note that we preserve the order of non-commuting op-
erators ∆ˆ, vˆ and vˆ+ in Eq. (S4c). Using the operator
relation (nˆej − nˆ
g
j )σˆi = −σˆiδij it is seen that
aˆ+∆ˆvˆ + vˆ+∆ˆaˆ = aˆ+(∆ˆvˆ)′ + (vˆ+∆ˆ)′aˆ− (aˆ+vˆ + vˆ+aˆ),
where
(∆ˆvˆ)′ =
∑
k 6=j
(nˆek − nˆ
g
k)ifjσˆj ,
2with the prime denoting that operator products of the
same emitters are excluded from sums in vˆ+vˆ, so that
(∆ˆvˆ)′ = (vˆ∆ˆ)′. If we assume N0 ≫ 1, and neglect fluctu-
ations of ∆ˆ, replacing ∆ˆ by its expectation value ∆, we
can approximate (∆ˆvˆ)′ ≈ ∆vˆ and (vˆ+∆ˆ)′ ≈ ∆vˆ+, with
the precision 1/N0 ≪ 1. In this case,
aˆ+∆ˆvˆ + vˆ+∆ˆaˆ ≈ (∆− 1)Σˆ.
Inserting this and ∆ˆ = ∆ into Eqs. (S4), we find the
following equations for the expectation values of the op-
erators:
n˙ = Ω0Σ− 2κn, (S5a)
Σ˙ = −(γ⊥/2 + κ)Σ + 2Ω0f(n∆+Dt), (S5b)
D˙t = −γ⊥Dt +Ω0(∆− 1)Σ
+γ‖PNg + (γ⊥ − γ‖)Ne,(S5c)
∆˙ = −2Ω0Σ + γ‖[P (N0 −∆)−N0 −∆]. (S5d)
Here it has been used that
〈
Fˆn
〉
=
〈
FˆΣ
〉
=
〈
Fˆ∆
〉
= 0;
moreover, it has been used that the diffusion coeffi-
cient [11]
2Dv+v =
〈
vˆ+Fˆv
〉
+
〈
Fˆv+ vˆ
〉
,
gives 〈
FˆDt
〉
= 2Dv+v/f = γ‖PNg + (γ⊥ − γ‖)Ne.
Now, using the operator relation σˆ+j σˆj = n
e
j , we replace
Dt = D +Ne, where
D = f−1
∑
j 6=k
fjfk
〈
σˆ+j σˆk
〉
describes the inter-emitter correlation. By summing
Eq. (S2c) over all emitters and taking the expectation
value we find
N˙e = γ‖(PNg −Ne)− Ω0Σ,
so
D˙t = −γ⊥D +Ω0(∆− 1)Σ + γ‖PNg − γ‖Ne
= −γ⊥D +Ω0∆Σ+ N˙e,
which, together with D˙t−N˙e = D˙, implies that Eqs. (S5)
indeed lead to the four coupled GLRE equations (2).
Consequently, the stationary photon number n is given
by Eqs. (5) of the main text. When the number N0 of
emitters that is so small that the threshold population
inversion per emitter ∆th/N0 > 1 and lasing is impossi-
ble, then one can see from Eq. (5b) that θ(P ) < 0 for all
P , and that the cavity photon number n(P ) saturates at
P →∞:
n(P )→ ns = [(∆th/N0 − 1)(1 + 2κ/γ⊥)]
−1. (S6)
The GLRE (2) reduce to the standard laser rate equa-
tions in case of large pure dephasing. In more detail,
when γ⊥ ≫ κ, γ‖ we can adiabatically eliminate Σ and
D from Eqs. (2b) and (2c) by setting Σ˙ = D˙ = 0, and
thereby express Σ and D in terms of n and ∆. Using this
in Eqs. (2a) and (2d) and neglecting terms ∼ κ/γ⊥ ≪ 1
we obtain the laser rate equations (LRE)
γ−1‖ n˙ = g(n∆+Ne)− (2κ/γ‖)n, (S7a)
γ−1‖ ∆˙ = −2g(n∆+Ne) +
P (N0 −∆)−N0 −∆. (S7b)
Here gNe is the dimensionless rate of spontaneous emis-
sion into the lasing mode in units of γ‖.
The laser rate equations of Eqs. (S7) only valid in the
limit 2κ/γ⊥ ≪ 1, when collective effects are suppressed.
Yet for low-Q cavity micro- and nano-lasers such as VC-
SELs, values of 2κ/γ⊥ ≥ 1 are not uncommon [2].
SM3: Factors β, βc
Here our aim is to identify a beta-factor βc for our GLRE
model with collective effects, in analogy with the beta
factor β of the common LRE model. To start with the
latter, we rewrite Eq. (S7b) as
γ−1‖ ∆˙ = −2gn∆+ P (N0 −∆)− (1 + g)(N0 +∆),
usingNe =
1
2
(N0+∆). We then re-normalize γ‖ replacing
it by γtot = γ‖(1+ g), which is the population relaxation
rate taking into account spontaneous emission into the
lasing mode. Then we rewrite Eqs. (S7)
γ−1tot n˙ = β(n∆+Ne)− (2κ/γtot)n, (S8a)
γ−1tot∆˙ = −2βn∆+ P
′(N0 −∆)−N0 −∆, (S8b)
where P ′ = Pγ‖/γtot and β = g/(1+ g) is the fraction of
spontaneous emission going into the lasing mode.
Analogously, we may introduce the parameter βc for
the generalized laser rate equations (2). We introduce the
population relaxation rate γc = γ‖(1+gc), which includes
the spontaneous emission rate into the lasing mode from
non-interacting emitters (but does not include the rate of
collective spontaneous emission), and we re-write Eqs. (4)
of the main text
0 = βc(n∆+Ne +D)− (2κ/γ‖)n, (S9a)
0 = −2βc(n∆+D) +
Pc(N0 −∆)−N0 −∆, (S9b)
where βc = gc/(1 + gc) = g/(1 + 2κ/γh + g) and Pc =
Pγ‖/γc; it is clear that βc decreases monotonically as
a function of (2κ/γ⊥). The important finding is that
collective effects reduce spontaneous emission into the
lasing mode, and this agrees with our finding in the main
text that they make the lasing transition sharper, see
Fig. 2(a) of the main text.
3SM4: Derivation of equation (6)
From Eqs. (1) we derive the equation of motion for the
four-operator product aˆ+aˆ+aˆaˆ and for its mean value
G2 = 〈aˆ
+aˆ+aˆaˆ〉 we obtain the two coupled equations
G˙2 = 4Ω0Gv − 4κG2, (S10a)
G˙v = Ω0
[
f (G2∆+ 2Nen) + 0.5(
〈
vˆ+vˆ+aˆaˆ
〉
+ c.c.)
+ 2
〈
vˆ+aˆ+aˆvˆ
〉′]
−
(
3κ+
γ⊥
2
)
Gv, (S10b)
where Gv ≡
1
2
(〈vˆ+aˆ+aˆaˆ〉+c.c.) and the prime means that
operator products of the same emitters are excluded from
sums in vˆ+vˆ. The steady-state solutions of Eqs. (S10)
satisfy
Gv =
κ
Ω0
G2, (S11a)
0 = Ω20
[
f (∆G2 + 2Nen) +
1
2
(
〈
vˆ+vˆ+aˆaˆ
〉
+ c.c.)
+ 2
〈
vˆ+aˆ+aˆvˆ
〉′]
−
(
3κ+
γ⊥
2
)
κG2, (S11b)
We approximate the four-operator mean values in
Eq. (S11) by products of two-operator mean values ex-
pressed through the stationary solution of Eqs.(2) of the
main text. First, we replace 〈vˆ+vˆ+aˆaˆ〉 ≈ 〈vˆ+aˆ〉
2
. Second,
we note that 〈vˆ+vˆ〉
′
= 〈vˆvˆ+〉
′
and that the mean value of
the four-operator product 〈vˆ+aˆ+aˆvˆ〉
′
can be broken into
the product of non-zero two-operator mean values in two
different ways: as 〈vˆ+vˆ〉
′
〈aˆ+aˆ〉 = fDn or as 〈aˆ+vˆ〉 〈vˆ+aˆ〉.
We do not favor either of these two, adopting instead the
symmetric truncation for 〈vˆ+aˆ+aˆvˆ〉
′
by approximating
〈vˆ+aˆ+aˆvˆ〉
′
≈ 1
2
(fDn + 〈aˆ+vˆ〉 〈vˆ+aˆ〉). This procedure is
analogous to the cluster expansion technique used in [3].
Inserting these approximations into Eq. (S11b) we obtain
0 = Ω20[2fNen+
1
2
(〈
vˆ+aˆ
〉2
+
〈
aˆ+vˆ
〉2
+ 2
〈
aˆ+vˆ
〉 〈
vˆ+aˆ
〉)
+fDn]−
(
3κ+
γ⊥
2
−
Ω20f
κ
∆
)
κG2
= Ω20
[
2fNen+
1
2
Σ2 + fDn
]
−
[
3κ+
γ⊥
2
(1−∆/∆th)
]
κG2. (S12)
Here it has been used that Σ = 〈v+a〉+ 〈a+v〉 and ∆th =
κγ⊥/2Ω
2
0f . Thus,
G2 =
2Ω20f(Ne +D)n− Ω
2
0fDn+
1
2
(Ω0Σ)
2
κ2 [3 + (γ⊥/2κ) (1−∆/∆th)]
. (S13)
From the stationary solution of Eqs. (2) we obtain Ω0Σ =
2κn, D = (2κ/γ⊥)n∆ and
2Ω20f(Ne +D) = (κ+ γ⊥/2)Ω0Σ− 2Ω
2
0fn∆
=
(
2κ
γ⊥
+ 1−
∆
∆th
)
κγ⊥n. (S14)
Inserting these results into Eq. (S13), we find after a few
lines of algebra
G2 =
4 + γ⊥κ (1−∆/∆th)−∆/∆th
3 + γ⊥
2κ (1−∆/∆th)
n2
=
[
1 +
(
1 + γ⊥
2κ
)
(1−∆/∆th)
3 + γ⊥
2κ (1−∆/∆th)
]
n2. (S15)
From the steady-state solution of Eqs. (2) we can further
deduce that
1−
∆
∆th
=
1 +N0/∆th
2(1 + 2κ/γ⊥)n+ 1
, (S16)
so that
G2 =
[
1 +
(
1 + γ⊥
2κ
)
(1 +N0/∆th)
3 + 6n(1 + 2κ/γ⊥) +
γ⊥
2κ (1 +N0/∆th)
]
n2.
(S17)
This then leads to Eq. (6) for the photon auto-correlation
function g2 = G2/n
2.
SM5: GLRE for alternative laser level scheme (with
zero low-level population)
In the main text we derived GLRE based on the as-
sumption that the active medium consists of two-level
emitters. Here we will assume another level scheme, to
show the generality of our approach and in order to illus-
trate that collective effects can affect lasers with different
level schemes differently.
In particular, we carry out the analogous analysis for
a simplified but typical semiconductor laser scheme: we
assume that the pump is from the manifold outside of the
lasing transition, that pump blocking is negligible, and
that the population Ng of the lower level of the lasing
transition is approximately zero due to fast relaxation.
Then instead of Eqs. (2) we arrive at the following closed
set of four coupled equations
n˙ = Ω0Σ− 2κn, (S18a)
Σ˙ = −(γ⊥/2 + κ)Σ +
2Ω0f [Ne(n+ 1) +D], (S18b)
D˙ = −γ⊥D +Ω0NeΣ, (S18c)
N˙e = −Ω0Σ+ γ‖(PN0 −Ne), (S18d)
from which the stationary photon output can be deter-
mined (as used below). Likewise, for the photon statis-
tics, instead of Eqs. (S10) we obtain
G˙2 = 4Ω0Gv − 4κG2, (S19a)
G˙v = Ω0
[
fNe (G2 + 2n) +
1
2
(
〈
vˆ+vˆ+aˆaˆ
〉
+ c.c.)
+ 2
〈
vˆ+aˆ+aˆvˆ
〉′]
−
(
3κ+
γ⊥
2
)
Gv. (S19b)
4Let us now calculate the stationary g2 based on this set of
equations. Replacing as in SM4 the 〈vˆ+vˆ+aˆaˆ〉 by 〈vˆ+aˆ〉
2
and 〈vˆ+aˆ+aˆvˆ〉
′
by 1
2
(fDn+ 〈vˆ+aˆ〉 〈aˆ+vˆ〉), we now obtain
the identity
G2 =
2Ω20f(Ne +D)n− Ω
2
0fDn+ (Ω0Σ)
2/2
κ2
[
3 + γ⊥
2κ (1−Ne/Nth)
] , (S20)
with κγ⊥/(2Ω
2
0f) ≡ Nth. From the stationary Eqs. (S18)
we find Ω0Σ = 2κn, D = (2κ/γ⊥)Nen and finally
2Ω20f(Ne +D) =
[
2κ
γ⊥
+ 1−
Ne
Nth
]
κγ⊥n. (S21)
Similar to Eq. (S15) we can write
G2 =
(
2κ
γ⊥
+ 1− NeNth
)
κγ⊥n
2 − κ2 NeNthn
2 + 2κ2n2
κ2
[
3 + γ⊥
2κ (1−Ne/Nth)
]
=
4 + γ⊥κ (1−Ne/Nth)−Ne/Nth
3 + γ⊥
2κ (1−Ne/Nth)
n2
=
[
1 +
(
1 + γ⊥
2κ
)
(1−Ne/Nth)
3 + γ⊥
2κ (1−Ne/Nth)
]
n2. (S22)
In fact, Eq. (S22) can be obtained from the corresponding
expression Eq. (S15) in our two-level lasing model by
replacing ∆ with Ne and renaming ∆th as Nth. Inserting
1−
Ne
Nth
=
1
1 + (1 + 2κ/γ⊥)n
, (S23)
obtained from the steady state solutions to Eqs. (S18),
we find for g2 ≡ G2/n
2
g2(n) = 1 +
γ⊥/2κ+ 1
3 + 3n(1 + 2κ/γ⊥) + γ⊥/2κ
, (S24)
where n is the stationary solution of Eqs. (S18):
n =
1
2g
[
θ0 +
(
θ20 +
4g
1 + 2κ/γ⊥
N0P
Nth
)1/2]
(S25a)
θ0 =
N0P
Nth
− 1−
g
1 + 2κ/γ⊥
. (S25b)
Now there are similarities and differences between the au-
tocorrelation functions g2(n) of Eq. (6) for the two-level
laser and of Eq. (S24) for the semiconductor laser model
with infinitely fast ground-state depopulation. A similar-
ity is that both decrease monotonically as a function of n.
A difference is that g2(n = 0) of Eq. (6) has 2+2κ/γ⊥ as
an upper bound and allows superthermal photon statis-
tics as we presented in the main text, whereas g2(n = 0)
of Eq. (S24) can be rewritten as 2 − 2/[3 + γ⊥/(2κ)],
clearly showing that superthermal statistics does not oc-
cur for this model. Thus the comparison of these two
models indicates that for the build-up of superradiant
correlations we need at least a non-vanishing fraction of
the emitters that make up the active medium to be in
the lower lasing level.
Another difference between the two models is the de-
pendence of g2 on the number of emitters N0. The curves
in Fig. 3 of the main text show that g2 > 2 grows
with N0 at small n for the two-level laser. Now turn-
ing to the semiconductor laser model, its corresponding
g2 of Eq. (S24) depends on N0 only implicitly through
n, so that dg2/dN0 = (∂g2/∂n)(∂n/∂N0). Because g2
decreases with n (see Eq. (S24)) and since n increases
with N0, we now find instead that g2 decreases with the
number of emitters. The latter dependence is also seen
in Fig. 5 of Ref. [3]. So we find that the relative quantity
g2 can indeed vary with N0 in different ways, depending
on the laser scheme used.
Thus this SM5 illustrates that our approach to iden-
tify GLRE carries over to different laser level schemes,
and that the importance of collective effects in the
continuous-wave output of lasers will depend on the spe-
cific appropriate laser level schemes.
